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There is a simple, multi-sheet Riemann surface associated with eij(z)'s inverse function 
lnq{w) for < g < 1. A principal sheet for lnq[w) can be defined. However, the topology 
of the Riemann surface for lnq{w) changes each time q increases above the collision point 
q* of a pair of the turning points Tj of eq{x). There is also a power series representation 
for lnq{\ + w). An infinite-product representation for eq{z) is used to obtain the ordinary 
natural logarithm \n.{eq{z)} and the values of the sum rules o"^ = Yl, ( ~) foi' the zeros zi 



of eq{z). For \z\ < \zi\, eq{z) = exp{b{z)} where b{z) = — J2 n'^n^"'- The values of the 



sum rules for the q-trigonometric functions, (T2„ and cr2„_|_i, are q-deformations of the usual 
Bernoulli numbers. 



^Electronic address: cnelson @ bingvmb.cc.binghamton.edu . 

^Present address: Rochester Institute of Technology, 1 Lomb Memorial Drive, Rochester, N.Y. 14623. 

1 



Abstract 




oo 



n=l 



1 Introduction: 

The ordinary exponential and logarithmic functions find frequent and varied applications in all 
fields of physics. Recently in the study of quantum algebras, the g-exponential function [1] or 
mapping w — eq{z) has reappeared [2-4] from a rather dormant status in mathematical physics. 
This order-zero entire function can be defined by 

oo n 

where 

W = ^1713^ (2) 
The series in Eq.(l) converges uniformly and absolutely for all finite z. Since [n] is invariant under 
g — >• for real q it suffices to study < g < 1. The q-factorial is defined by [n]! = [n][n— 1] •••[!], 
[0]! = 1. As g ^ 1, eq{z) — > exp{z) the ordinary exponential function. 

In [5] , we reported some of the remarkable analytic and numerical properties of the infinity of 
zeros, Zi, of eq{x) for x < 0. In particular, as q increases above the first collision point at q* ~ 0.14, 
these zeros collide in pairs and then move off into the complex z plane, see Fig. 1. They move off 
as (and remain) a complex conjugate pair Ha,a- The turning points of eq{z), i.e. the zeros of the 
first derivative e'g{z) = deq{z)/dx, behave in a similar manner. For instance, at q* ~ 0.25 the first 
two turning points, ti and T2, collide and move off as a complex conjugate pair t^ ^- 

In this paper, we first show that there is a simple, multi-sheet Riemann surface associated with 
w — eq{z)''s inverse function z — lnq{w). As with the usual ln{w) function, the Riemann surface 
of ^ = luqiw) defines a single- valued map onto the entire complex z plane. Also, as in the usual 
case when g = 1, a principal sheet for z — lnq{w) can be defined. However, unlike for the ordinary 



ln{w) and exp{z), the topology of the Riemann surface for lng{w) changes each time q increases 
above the colhsion point q* of a pair of the turning points Tj of eq{z). The turning points of eg{z) 
can be used to define square-root branch points of lugiw) in the complex w plane, i.e. hi = eq(rj). 
In Sec. 3, we obtain a power series representation for lnq{l + w). 

In the mathematics and physics literature^, one also finds the exponential function Eq{z) 
defined by Jackson [7-8]. It also is given by Eq.(l) but with [n] replaced by [n]j where 

M, = g("~^)/^N = i^ (3) 

For q > 1, Eq{z) has simpler propertiesQthan eq{z). We also construct the Riemann surface for 
its inverse function Lnq{w). With the substitution [n] [n]j, the power series representation for 
lnq{l + w) also holds for Lnq{l + w). 

Second, in Sec. 4, we use the infinite-product representation [5] for eq{z) to (i) obtain the 
ordinary natural logarithm ln{eq(z)}, and to (ii) evaluate for arbitrary integer n > the sum 
rules 

< - E (7) (4) 

i=l 

for the zeros Zi of eq{z). Therefore, for c-number arguments 

(^qix^qiy) = exp {h{x) + h{y)] (5) 

where h{x) is defined below in Eq.(20). For 1^1 < \zi\ the modulus of the first zero, 

00 -1 

K^) = - E (6) 

n=l "' 



■^Recent reviews of quantum algebras are listed in [6]. 
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For < (7 < 1, Eq{z) is a meromorphic function whose power series converges uniformly and absolutely for 
\z\ < (1 — q)^^ but diverges otherwise. However by the relation, Es{x)Ei/g{—x) — 1 for s real, results for g > 1 
can be used for < g < 1, see Ref. [5]. 



We also obtain the logarithms and values of the associated sum rules for all derivatives and 
integrals of eg{x), and for the associated q-trigonometric functions [1,5] coSg{z) and sinq{z). These 
results also hold for the analogous functions involving 

Sec. 5 contains some concluding remarks. In particular, the values of the sum rules for the 
q-trigonometric functions, (J2„ and cln+i, are q-deformations of the usual Bernoulli numbers. 

2 Riemann Surfaces of q- Analogue Logarithmic 
Functions lnq{w) and Lnq{w): 

For two reasons, we begin by first analyzing the Riemann surface associated with the mapping 
of Jackson's exponential function w — u + iv — Eq{z) and of its inverse z — x + iy — Lnq{w). 
First, the generic structure of the Riemann surface for Lnq{w) for > 1 is the same as that for 
lnq{w) for < [q* 0.14). Second, as varies the topology of the Riemann surface changes for 
luqiw) but the topology remains invariant for Lnq{w) for all q^ > 1. Normally we will suppress 
the superscripts or e" on the q^s for there should be no confusion. 

2.1 Riemann surface for Lnq[w): 

Figs. 2 and 3 show the Riemann sheet structure and the mappings of Jackson's exponential 
function w — Eq{z) and of its inverse z — Lnq{w) for q^ 1.09. These figures suffice for 
illustrating the Riemann sheet for all g > 1 because the zeros and turning points of Eq{z) do not 
collide, but simply move along the negative x axis and out to infinity as g — > 1. 

These figures also illustrate the Riemann surface for w — eq{z) and z = lnq{w) but only prior 
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to the collision of the first pair of zeros at g 0.14. 

Notice that the imaginary part Im{eq{z)} = on all "sohd" contour lines in Fig. 2b whereas 
the real part Re{eq{z)} = on all "dashed" contour fines. The turning points in the complex z 
plane are denoted by small dark squares, whereas their associated branch points in w are denoted 
by small dark circles. 

Numerically, for w 1.09, the first 4 zeros of Eq{z) are located at —12.1111, —13.2011, 
— 14.3892, —15.6842. The first 4 turning points and Lnq{w)''s branch points {hi in 10~^^ units) are 
respectively at {tiM) = (-12.4, -43), (-13.6, 5.0), (-14.9, -1.8), (-16.3, 4.4). Since ^ 1, the 
asymptotic formula in [5] for rf is a bad approximation for these values. 

Figures for the lower-sheets of a Riemann surface w are omitted in this paper since they simply 
have the conjugate structures, per the Schwarz refiection principle. 

2.2 Riemann surface for lnq{w): 

For q <Ri 0.14, Figs. 1-3 also show the topology and branch point structure for the mappings 
w — eq{z) and its inverse z — lnq{w). 

Figs. 4-5 are for after the collision of the first pair of zeros of eq{z) but prior to the colfision of 
the first pair of its turning points, so the structure shown is generic for 0.14 < q < 0.25. Note that 

— ^qil^-A) — occurs as an analytic point for w — eq{z) which is not possible for the ordinary 
exp{z) in the finite z plane. 

Numerically, Figs. 4-5 are for q f» 0.22; the first 2 zeros of eq{z) are located at iia = —2.51 + 
i0.87,ii^ — (Ta- The first 2 turning points and lnq{wys branch points (6j in 10~^ units) are 
respectively at {Ti,bi) = (-2.6,47.70), (-4.7,69.36). 
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Figs. 6-8 are for after the collision of the first pair of turning points of eq{z). The topology 
of the Riemann surface has a new inter-surface structure due to this coUision; the figures and 
their captions explain this new structure. In particular versus Fig. 5, following the collision at 
q* ~ 0.25, there no longer exists the bi — 62 passage from the lower-half of the principal w sheet 
to the first lower w sheet. Instead, the Ba passages are to the second upper w sheet. 

Numerically, Figs. 6-8 are for q Ki 0.35. The first 2 zeros of eq{z) are now located at /ia — 
— 2.8222-|-il.969, /ia = I^a', the third zero remains on the negative real axis at /X3 — —5.19755. The 
first 4 turning points and lnq{wys branch points {bi in 10~^ units) are respectively at {Ti,bi) — 
(-3.5434 ± «1. 32945, 22.2415 ± il8.79), (-6.3471, -9.09587), (-10.7028, 87.536). In Figs. 7-8, for 
clarity of illustration, the position of 6^ has been displaced from its true position. 

3 Power Series Representations for lng(l + w) 
and Lnq{l + w): 

To obtain the power series for lng(l -|- w), we write 

lng(l + w) = Ciw + C2W^ + ... 
00 

n=l 

Then for a — ln^(l + w), 

e» = l + a + g + ... 
= 1-Fw 
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(7) 



(8) 



So by equating coefficients, we find 

ci = l 

. r I (9) 

Cn = - E mT i E CkiCk^ ■ ■ ■ CkA , U > 2 
1=2 [{ki,k2,-h) J 

In order to follow later expressions in this paper, it is essential to understand the second 
summation J2 '■ 

{ki,k2,---ki) 

In it, each ki = "positive integer", i = 1,2, ... I. 

{ki, k2, - • ■ ki) denotes that, for fixed n and I, the summation is the symmetric permutations of 
each partition of n which satisfy the condition "/ci + k2 + ■ ■ ■ ki — n". 
For instance, for n — A: 

E CkiCk^CksCki = {ciCiCiCi} = (ci)^ 
(kijkijksM) 

E CkiCk^Cka = {C1C1C2 + C1C2C1 + C2C1C1} = 3ciCiC2 (10) 

{ki,k2,k3) 

E CfcjCfej = {C2C2} + {C1C3 + C3C1} = {C2f + 2ciC3 

(fcl,fc2) 

This power series for lng(l + w) is expected to converge only for some w domain, e.g. for w < 
"modulus of distance to the nearest branch point". Note that as q ^ 0, w = eq{z) w — 1 + z 
and z — lnq{w) z — w — 1, so eq{\nq{w)} — > eq{w — 1} — > 

Thus, the first few terms give 



ln,(l + w)=w- - (mt - [2]w} 



([3]! 12m) + {i2y) [sm] + ■ ■ ■ ^^^^ 



J 2 

[4]! [2]! V[3]! [2]! [2]! 



5 (A)'} 



[4]! [3]![2]! 

Notice that here the q-derivative operation defines a new function, d ln.q{w) / dqW = \n.q{w)' 7^ ^, 



because it does not yield a known q-special function since 



^ ln,(l + w) = l-w-[^- 2[3] 

- {li- WW + 5[4] ([in)'} + 
unlike [5] for eg{z), C0Sg(2;), and sinq(2;). 



4 Natural Logarithms and Sum Rules for eq{z) 
and Related Functions: 

By the Hadamard-Weierstrass theorem, it was shown in Ref . [5] that the following order-zero entire 
functions have infinite product representations in terms of their respective zeros: 



oo , ^ 



e, 



9V 



1=1 



Zi 



(^) = n 1-f (13) 



oo 



e^ix) = £:eg{x) = a, n 1 - -|y ; r = 1, 2, 



i=l 



ar 



r! 



■1! 



n=0 



oo 



COS,(z) = E (-) r2„]! 

n=0 ^ 



sin,(;a;) ^ E (-)"Ti 



n [2n+l]! 
n=0 



(14) 



''^(a;) = dxi J^^ dx2 ■ ■ ■ J^'' dxreq{xr) + poly.deg.{r — l),r > 1 

^ n! 0;"+'' ('ic;^ 
^ (n+r)! [n]! ^ 



(16) 



(17) 



4.1 Derivation of \n{eq{z)} and of the values of cr^ = E [j: 

By taking the ordinary natural logarithm of 



e.(^) = n(l-f (18) 

i=l ^ 



we obtain 

ln{e,(^)}= |ln{l-^} 

= -{£(i)}-*{£(i)V*{£fe)'}- <^^' 

where the function 

6(^) = Eln{l-f} 

-1 ^ (20) 

= - E 1^1 < l^ll 

n=l 

Fig. 7 of Ref. [5] shows the polar part pi — \zi\ of the first 8 zeros of eq{z) for ^Q.l < q <Ri 0.95. 
Note that pi > > pi where pi is the modulus of the first zero. The function b{z) = In {eq{z)} 
is thereby expressed in terms of the sum rules for the zeros of eg{z) since 



oc / \ n 



1=1 



< = E T ;^=1,2,... (21) 



By Eq.(20), the multi-sheet Riemann surface of b{z) = ln{eg(2;)} consists of logarithmic branch 
points at the zeros, Zi, of eq{z). 

The basic properties of eq{x) displayed in Fig. 1 for g = 0.1 follow simply from these expressions 
for b{u). For instance, the zeros of eq{x) correspond to where b{u) diverges. A sign change of eq{x) 
is due to the principal- value phase change of "+i7r" at the branch point of In 1 1 — ^ | . 

Next, to evaluate these sum rules we proceed as in the above derivation of the power series 
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representation for lnq(l + w). We simply expand both sides of 

(22) 



^ [1]! ^ [2]! ^ ■ ■ ■ ^ 1! ^ 2! ^ • • • 

Equating coefficients then gives a recursive formula^ for these sum rules: 

at = -1 

The notation in the second summation is explained following Eq.(9) for lnq(l + w) 
The first such sum rules are: 

at = -l 



(23) 



[2]! 



(24) 



n-*^ — — 1 -I- -3 3_ 

"3 — ^ ^ [2]! [3]! 



Li 2 

•^4 roll r^ii F/iii 



'4 — [2]! ^ [3]! [4]! ^ [2]![2]! 

The values of can also be directly obtained from 



n I \l 



""^"S'T^i,.E,,M*CTr '''' 



Eq.(25) follows by expanding Eq.(19) 



n=\ 

=y-i + i + ... 



(26) 



where 

y = eq{z) 



(27) 



[1]! + [2]! + [3]! + ••■ 



^ These tr^ sum rules can also be evaluated [5] by expanding both sides of an infinite-product representation of 
eq{z). In this way, from af^ for the first few n, we first discovered the general formula Eq.(23) and Eq.(25). Eq.(23) 
describes a pattern similar to that occurring in the reversion (inversion) of power series. 
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and then equating coefficients of z^. 

Equivalently, these formulas can be interpreted as representations of the reciprocals of the 
"bracket" factorials in terms of sums of the reciprocals of the zeros of eq{z): 

[2]! ~ 2! 2^2 

^ - 1 _ l^e _ 1 e (28) 
[3]! ~ 3! 2*^2 3'^3 ^ 

[4]! ~ 4! 4^2 3^3 4^4 ' s^^^ 

The results in this subsection also give \R{Eq{z)} for the analogous Eq{z) for g > 1 by the 
substitution [n] — > [n\j. 

4.2 Logarithms and sum rules for related q-analogue functions: 

(i) For the "r-th" derivative of eq{x), e'^g^x) = -^eq{x), we similary obtain [ar = |^] 

ln{ef)(a;)} = lnQ;^ + 6W(x);r = 1,2,... 

1=1 \ / 

where the sum rules for the zeros of the "r-th" derivative of eq{x) are 



(29) 



1 

i=i \4 



'-i'^^-EI^ ■ (30) 



The values of these eq{z) derivative sum rules are 



Ar) _ r+1 



where the L^''Herm is given by 



(31) 



r(r) _ (n+r)(n+r-l)---(n+l) 1 
n [n+r]\ ar 

_ (r+n)(r+n-l)---(r+l) 1 
[r+n][r+n— l]---[r+l] n! 



(32) 
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Equivalently, 



1=1 ({ki,k2,---ki) 



Thus, the "r-th" derivative of eq{z) is 



^exp{6(')(.)} 



[r] 



where ^^(z) = - E -(^^''^-z", \z\ < \z\ 



Ml 



n=l 



(ii) For the "r-th" integral of eq{z) which is defined in Eq.(15), we obtain [P^. 



In I I - In + (x) ; r = 1, 2, . . . 

6(-'-)(^) = gln(l-^) 

i=l \ J 



where the associated sum rules are 



(7, 



(-r) 



n 



E 



1 



{-r) 



=1 \^-, 

The values of these eq{z) integral sum rules are 

'^l - r+l 



l^i=2 • \{kuk2,-ki) 



... (r+n)![n]! 



Equivalently, 

Z=l ' 

where the L!^'''^ expression 



(r + m) ! [m] ! 
is also the I — 1 term in Eq.(37). 

Thus, the "r-t/i" integral of eg{z) is 
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where b^'^'^z) = - E^=i ^c^^'''^^", l-^l < \4 ''^\. 

(iii) For the q-trigonometric functions, we obtain for the coSq{z) function the representation 



COSq{z) = CXp{b'^{z)} 



rW = gln(l- (J) 



S„2*, \z\ < |ci| 



where 

oo 



i=l . 



The values of the cosine sum rules are 



2 2 



[4] 



°o / 1 \ 6 / 1 \ 3 



1 3 I 3 



6~^tlVcJ m\) [2]![4]! ^ [6]! 



Equivalently, 



where as in Eq.(43) 



For the sing(2;) function, we find 

sinq(2;) = zexp{6*'(z)} 

oo / / \ 2\ °o 1 

h^{z) = In 1 - (^) = - E ^^In+l^'"' 1^1 < l^il 



where 

' 1 



(41) 



<^E(3) • (42) 



(43) 



< = ^EH^ E ^2.,i^k---^2.,^ (44) 



(46) 



^2n+l = E -2 ■ (47) 
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The values of these sine sum rules are 



i=l 

3 3 



(48) 



Equivalently, 



where as in Eq.(48) 



/=1 [(fcl,fc2,-fcz) 



5 Concluding Remarks: 

(1) The above sum rules and logarithmic results are representation independent; i.e. they also hold 
for Jackson's q-exponential function Eg{z), its derivatives, integrals, and as well for its associated 
trigonometic functions CoSq{z) and Sinq{z). The only change is that the bracket, or deformed 
integer, [n] is to be replaced by [n]j = ^jz^- 
Since [7,5] the zeros of Eq{z) for g > 1 are at 

simple expressions follow: The values of the associated sum rules are 



E — \poo / 1 



n 



(1-g)" (52) 

(1-9)"-' 
[n]j ■ 
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A power series representation for the associated natural logarithm is 

b^{z) = ln{E,{z)} 

_ y^c« (l-g)" (53) 
_ v-oo l^l / |_2_| 

For both representations, [n] and [n]j, of the derivatives and integrals of eq{z), and of the 
coSq{z) and sin^(2;) functions, asymptotic formula for their associated zeros are given in Ref.[5] 
so simple expressions also follow for their (T„'s and 6(2;) 's in the regions where these asymptotic 
formula apply. 

(2) Useful checks on the above results and for use in applications of them include: 

(i) in the bosonic CS (coherent state) limit q 1, the normal numerical values must be obtained, 

(ii) in the 5 — > limit, results corresponding [9] to fermionic CS's should be obtained [this is a 
quick, though quite trivial, check], 

(iii) by the use of [n] -^[n]j = ^jE^, the known exact zeros of Eq{z) for g > 1 can be used for 
non-trivial checks. These zeros are at zf — q"/{l — q). 

(3) The determination of the series expansion and a general representation for the usual natural 
logarithm for the q-exponential function, b{z) = \n{eg{z)}, means that the q-analogue coherent 
states can now be written in the form of an exponential operator acting on the vacuum state: 

\z),^N{\z\) g 

n=0 VN! (54) 

= Ar(|^|)exp{6(^a+)}|0), 

where 
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6(za+) = Eln{l-^} 
b{za^) = za+ - ^{za+r - { - 2 {^f] {za^f (55) 
+ 5{^y]{za^r + ... 



[4]! [3]! [2]! 

(4) The successful evaluations and applications of the sum rules for the q-trigonometric func- 
tions motivate the following definitions of q-analogue generalizations of the usual Bernoulli num- 
bers: 

(2n)! - .A. 



(56) 

— "^271+ 1 

(2n)! - (2^5^31) .Z. 1^ e J ^^^^ 
(22"-l)"2n 

Hence, under q-deformation, the usual Bernoulli numbers become the values of the sum rules for 
the reciprocals of the zeros of the q-analogue trigonometric functions, coSq{z) and siriq^z). For the 
Riemann zeta function, these results do not yield a unique definition. However, analogous simple 
definitions for p complex are 

1 °° / 1 \P 

^«p)-g(-) (58) 

1~ 1 

^C,(p)-p^g(-) (59) 

"Note added in proof:" The ordinary natural logarithm of Eq{z) for < g < 1 is shown to 
be related to a q-analogue dilogarithm, Li2{z;q), in [10] and in the recent survey of q-special 
functions by Koornwinder [11]: From Eq.(53) and Es{x)Ei/s{—x) =1, for < g < 1 

HE^iY^^)} = t ;^(r^-" - L^,{z■, q) (60) 
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oo 



which is identical with Eq.(53). Formally [10], 

lim(l - q)Li^{z- q) = Y,- Li^iz) (61) 
the ordinary Euler dilogarithm. Other recent works on q- exponential functions are in Refs.[12]. 
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Figure Captions 

Figure 1: Plot showing the behaviour of the q-analogue exponential function eq{x) for x neg- 
ative. The q — 0.1 curve displays the universal behaviour of eq{x) for q < ql{ql ~ 0.14). As q 
increases above the first collision point at q* ~ 0.14, the zeros, fj,i = Zi, collide in pairs and then 
move off into the complex z plane. They move off as (and remain) a complex conjugate pair. The 
q = 0.2 curve displays the behaviour of eq{x) after the collision of the first pair of zeros /ii, 112 but 
before the coUsion of the first pair of turning points. The first two turning points ti, T2 collide at 
q* 0.25. The turning points Tj of eq{z) are mapped into the branch points 6^, of lnq{w). 

Figure 2: These two figures and Figs. 3a and 3b show the Riemann sheet structure and the 
mappings of Jackson's exponential function Eq{z) and of its inverse function Lnq{w) for q^ — 1.09. 
For instance, w = Eq{z) maps the region labeled "1, 2, 1l, 2l" 

in Fig. 2b onto the upper-half-plane (uhp) of the first w sheet for Lnq{w), see Fig. 3a. The turning 
points Ti, T'2 are mapped respectively into the branch points 61, 62 of Fig. 3a. These figures suffice 
to illustrate the behaviour of Eq{z) and Lnq{w) for all q^ > 1 because as — > 1, the zeros and 
turning points of Eq{z) do not collide, but simply move along the negative x axis and out to 
infinity. In the complex w plane the associated branch points of Lnq{w) all move into the origin. 
This limit thereby gives the usual Riemann surface for exp{z) and ln{w). Figs. 2 and 3 also 
illustrate the Riemann surface for eq{z) and lnq{w) but only prior to the collision of the first pair 
of zeros, i.e. for q < ql{ql ~ 0.14). Figures 4-8 show the Riemann surfaces of eq{z) and lnq{w) for 
larger q values, gfjf < q<l. 

Figure 3: (a) The first upper sheet of Lnq{w) for q^ = 1.09. The turning points ti,T2 in Fig. 
2 for Eq{z) are mapped respectively into the square-root branch points 61,62 of Fig- 3a, 3b for 
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Luqiw). An "opening spiral", instead of the usual unit circle, is the "image" of the positive y axis 
(the a; = line) in Fig. 2. The first lower sheet of Lnq{w) is the mirror image of this figure (the 
reflection is thru the horizontal u axis) ; the lower sheets corresponding to the other "upper sheet" 
figures in this paper are similarly obtained, (b) The second upper sheet of Lnq{w) for = 1.09. 
Note that the opening spiral continues that in (a). The cut above the real axis from 62 to 00 goes 
back down to the first sheet. Fig. 3a. 

Figure 4: This figure and Fig. 5 show the Riemann sheet structure and the mappings of eq{z) 
and of its inverse function lnq{w) for 0.14 < q 0.22 < 0.25. For this range of q, the first two 
zeros III, 112 of eq[x) have collided and have moved off as a complex conjugate pair HaiI^'A] the fiA 
zero is marked in this figure. Note that as in Fig. 2, Im{eq{z)} = on all "sohd" contour hues, 
whereas Re{eq{z)} = on all "dashed" contour hues. 

Figure 5: The first upper sheet for lnq{w) for 0.14 < q ^ 0.22 < 0.25. When q is increased to 
q 0.25, the branch points 61 = 62 coincide since the turning points ti, T2 of Fig. 4 have coUided. 
Then, the branch cut to the first lower sheet nolonger exists. Ti,T2 become a complex conjugate 
pair ta, and move off into the complex z plane, as shown in Figs. 6-8. 

Figure 6: This figure and Figs. 7-8 show the Riemann sheet structure and the mappings of 
eq{z) and of its inverse function lnq{w) for q f» 0.35. The first two turning points ri,r2 of eq{x) 
have collided and have moved off as a complex conjugate pair r^, r^; the ta turning point is marked 
in this figure, ta — —3.54 -|- il.33. The line corresponding to the a branch cut thru 6^, see 
Figs. 7-8, is the wiggly line from a on the x < axis, thru ta, and on to (3 on the Im{eq{z)} = 
curve. TA(and 6^) are fixed, but a and /?( a and /?') are simple though arbitrary positions on 
their respective I'm{eq{z)} = lines. The third zero /i^ of eq{z) is still on the x < axis. 
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Figure 7: (a) The first upper sheet of lnq{w) for q — 0.35. The image of the x — Q fine in 
the complex z plane is shown, (b) An enlargement of the first quadrant which shows the a (3' 
branch cut. For clarity of illustration, the position of 6^ has been displaced from its true position 
at hA = 0.0222 + i0.0188. 

Figure 8: The second upper sheet of lnq{w) for q — 0.35. The 6^ square-root branch point 
only occurs on the first two upper sheets, i.e. in Fig. 7 and here. The a point (not shown) lies 
opposite the l3' point and to the left of the 6^ cut structure. 
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